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We propose relative entropy-based quantifiers for genuine multipartite total, quantum, and clas- 
sical correlations. These correlation measures are applied to investigate the generation of genuine 
multiparticle correlations in decoherent dynamics induced by the interaction of two qubits with 
local-independent environments. We consider amplitude- and phase-damping channels and com- 
pare their capabilities to spread information through the creation of many-body correlations. We 
identify changes in behavior for the genuine 4- and 3-partite total correlations and show that, con- 
trary to amplitude environments, phase-noise channels transform the bipartite correlation initially 
shared between the qubits into genuine multiparticle system-environment correlations. 



I. INTRODUCTION 

The nonlocality [l|,l2||, nonseparability [3j,y|, and quan- 
tumness [U, @ of correlations in composite systems are 
currently recognized as important ingredients for the effi- 
ciency of protocols in quantum information science. Sub- 
stantial progress has been achieved latterly regarding the 
characterization, identification, and quantification of to- 
tal, classical, and quantum correlations 0-[2l[ . The non- 
classicality originated from local indistinguishability of 
quantum states is the more recent paradigm for analyz- 
ing correlations. This kind of correlation was studied 
mostly in the case of bipartite systems, with novel and 
interesting results already obtained. By its turn, the in- 
vestigation of (genuine) multipartite quantum and clas- 
sical correlations has been receiving its deserved atten- 
tion only very recently [22li43T |. In this article we are 
interested in this last scenario. We shall define measures 
for genuine n-partite correlations (Section [IT]) and study 
how these correlations develop during decoherent system- 
environment dynamics (Section llllj) . 

The thorough investigation of the decoherence pro- 
cess f44T - |46| is an important issue to be addressed to- 
wards large scale implementations of, for instance, quan- 
tum computers, quantum simulators, and communica- 
tion protocols. The decoherence phenomenon is a re- 
sult of the inevitable interaction between a quantum 
system and its surroundings. Let us consider a sys- 
tem s and its environment E in an initial product state 
PsE = Ps <8 |0e)(0b|- The dynamics of the whole 
closed system is unitary, i.e., p S E(t) = U sE (t)p S EUl E (t) 
with U sE {t)Ul E {t) = I, where 1 is the identity opera- 
tor. Then, by tracing out the environmental variables 
we write down the system's evolved state in the Kraus 
or operator-sum representation: £{p s ) — J2i KiPs^} > 
where K L := (i E \U sE (t)\0 E ) are linear operators on the 
state space of the system, H s , such that — ^ 

The quantum operation £ can be used to descri be g eneral 
transformations between quantum states (47l . |48| | One 
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can verify that the dynamical map for the evolution of 
the system-environment state: 

U sE \^s)®\QB)=^K i \i> s )®\i E ), (1) 

i 

leads to the same motion equation for the system state 
as shown above. Thus, we can obtain the Kraus' oper- 
ators describing the noise channel acting on the system 
using a phenomenological approach (49l . [5f3 | or via quan- 
tum process tomography [5l[|52l | and use this information 
to investigate, for example, the system-environment cor- 
relations, without worry about the usually complicated 
structure of the environment. 

A possible, partial, classification of multipartite quan- 
tum states concerning its correlations, or with regard to 
the operations needed to generate such correlations, can 
be introduced as follows. For a n-partite system pre- 
pared in a product state vector |Vinit) = |V*oi ' ' ' 4 > 0n}y 
any uncorrelated n-partite product state of this system, 

Pl...„ = Pl®---®Pni (2) 

can be created by means of local quantum operations 
(LQO). The sub-index is in ji/'init) specifies the state and 
subsystem, respectively, and we use throughout this ar- 
ticle the notation | Vol • • -ipon) '■= IVoi) ® ® |Von)- 
Starting with the system in state IVinit), any n-partite 
classically-correlated state can be prepared via local clas- 
sical operations (LCO) coordinated by the exchange of 
classical communication (CC) and has the form: 

Pl-n = X! P'l,-.i"IV'a---Vm)(V , il""^in| 5 (3) 
il,---,in 

where the states {|Vis)} G H s form a complete 
(Z),- a \i ) is)('>Pis\ = I s ) orthonormal ((ipi S \ipj s ) = <%), 
and therefore distinguishable, basis for the subsystem s. 
Above, by LCO we mean (complete) transformations be- 
tween the pointer basis states (44[. It can be seen that 
if the probability distribution in the state p\... n factor- 
izes, i.e., Pii,— ,*n = Pil ' ' 'Pint there is no correlation at 
all in the system, i.e., it is a n-partite product state. A 
n-partite separable but quantumly correlated state needs 
LQO and CC to be generated from IVinit)- This kind of 
state has the general form 

Pl-n = J2iPiPil®---®Pin, (4) 
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with {pi} being a joint probability distribution and {pi s } 
being noncommuting density operators. We note that if 
the density operators pi s commute for different i, then 
the state p\... n is a n-partite classically-correlated state. 
If in addition the probability distribution {pi} factorizes, 
then p\... n is a n-partite product state. The iV-partite 
entangled, or non-separable, states p\... n cannot be pre- 
pared locally, requiring direct or mediated interaction for 
its generation. One famous example of entangled state 
is the GHZ state 2- 1 / 2 (|0i • • • 0„) + |l x • • • 1„)) (H, [E|, 
where {|0 S ), |l s )} is the one-qubit computational basis. 

With the aim of quantifying the different kinds of cor- 
relation in an unified manner, Modi et al. [4l| introduced 
measures of correlation using the relative entropy [55] , 

S(p\\a) =tr(p(log 2 p-log 2 (r)), (5) 

to estimate the "distance" between two states p and a. 
The total correlation in a n-partite state p\... n is quanti- 
fied by how distinguishable or how distant it is from an 
uncorrelated n-partite product state, i.e., 

I(pi-n) = min S{p 1 ... n \\p p 1 ... n ) 

Pi...„ 

= S(pi... n \\pi <8> • • • (g> p n )- (6) 

The last equality was established in Ref. [41| and shows 
that the closest n-partite product state of any state p\... n 
is obtained from its marginal states in the product form. 
Recalling the state classification presented in the previous 
paragraph, the quantum part of the correlation in p\... n 
can be defined as its minimal distance from n-partite 
classically-correlated states: 

QOi...„) = min S(px... n \\pl... n ) 

= S(pi...nM...n), (?) 
With Xl-n = Ert,...,i„P<l,-.m|'0rt---V ; m)(^il---V'm| 

and pa,..., i n = (ipa ■ ■ ■ ^inlpi-nl^a • ■ ■ ipin) El- In the 
second equality for Q, we leave implicit the minimiza- 
tion over local basis needed to find the closest classically- 
correlated state Xi - n- Finally, the classical part of the 
correlations in p\... n is given by the total correlation of 

Xl-n- 

C(pi-n) = minS(xl.. n \\pi... n ). (8) 
«...« 

Though the state classification and the correlation 
quantifiers presented above are very useful in several con- 
texts, they are restricted in a certain sense because they 
classify the system state without considering the pos- 
sibility of a more complex distribution for the correla- 
tions. For instance, in studying multipartite spin sys- 
tems, which may have a far more intricate density oper- 
ator with groups or cluster of spins in different families 
of states, it would be desirable to generalize the results 
presented in the last two paragraphs in order to include 
and quantify such complexity. As we will discuss in the 



sequence, the concept of genuine multipartite correlation 
fits well for the study of these more general scenarios and 
can be utilized as the starting point to define direct gen- 
eralizations of the correlation quantifiers discussed above. 
Addressing this subject, Bennett et al. (see Ref. [43]) pos- 
tulated that if a n-partite state has no genuine n-partite 
correlation, then we cannot create genuine n-partite cor- 
relation by adding a subsystem in a product state or 
by performing trace non-increasing local quantum oper- 
ations. Also, we cannot create genuine (n 4- l)-partite 
correlation by splitting a subsystem in two. They proved 
that the following definitions satisfy these requirements. 
A n-partite state has genuine n-partite correlation only 
if it is non-product under any bipartite cut of the sys- 
tem. For fc < n, a n-partite state has genuine fc-partite 
correlation only if there exists a subset of k subsystems 
presenting genuine fc-partite correlation. Bennett and 
collaborators also defined the degree of correlation of a 
n-partite state as the maximum number k of subsystems 
possessing genuine /c-partite correlation. 



II. QUANTIFIERS FOR GENUINE 
MULTIPARTITE CORRELATIONS 

From the previous definition, it follows that a n-partite 
state has genuine n-partite correlation only if it is non- 
product under any bipartite cut of the system, i.e., if 
^ p Cl ® p C2 , where ci (c 2 ) indicates a group with a 
number n\ (n 2 ) of subsystems, and n\ + n 2 = n. That 
is to say, if p\... n possesses genuine n-partite correlation 
then there does not exist two completely uncorrelated 
clusters of particles in the system. Thus, a measure for 
genuine n-partite total correlation of a n-partite state can 
be defined as 

In(pi-n) ■= min S(pi... n \\p Cl ® p C2 ), (9) 

(ci,C2) 

where the minimum is taken over all possible bi- 
partitions (ci,c 2 ) of the system. Therefore the quan- 
tity I n measures the minimum distance between p\... n 
and states that do not possess genuine n-partite corre- 
lation. The quantifier for genuine n-partite total corre- 
lation In(pi... n ) was noticed by Giorgi and colleagues in 
Ref. [42|. They also defined measures for genuine clas- 
sical and quantum correlations using a discord-like ap- 
proach, i.e., assuming additivity of mutual information 
in classical and quantum correlations. In this article we 
start from a direct extension of the operational classifi- 
cation of states discussed in Section I and use relative 
entropy-based distinguishability measures to define cor- 
relation quantifiers. Regarding total correlations, we can 
also look to the structure of the system's correlation by 
defining a measure for genuine fc-partite total correlation 
of a n-partite state: 

Ik(pi-n) ■= max/ fc (/Ofc)- (10) 

Pk 
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In the last equation, the maximum is taken over all states 
comprising k subsystems and aims to identify the most 
correlated fc-partite group of particles in the system. For 
example, if k = n— 1, I n -i (pi... n ) is the maximal genuine 
(n — l)-partite total correlation of the states obtained by 
tracing out one subsystem of pi--- n - This last quantifier, 
Ik(pi - n)-, can be applied to study the degree of correla- 
tion of a system and can find application, for instance, 
in the study of quantum phase transitions in critical sys- 
tems (56j . 

Based on the discussion about classically-correlated 
states and quantum correlation in non-classical states, 
presented in the introductory section, we propose the 
following definition. A n-partite state p\... n has genuine 
n-partite quantum correlation only if it is not a classical 
state under any bipartite cut of the system, viz., p\... n ^ 

where {p lCl .ic 2 = (ipic 1 ipic 2 \pi-n\4>ic 1 4>ic 2 )} is a proba- 
bility distribution and {\ipic s )} is an orthonormal base 
for H Cs . From this definition, a quantifier of genuine n- 
partite quantum correlation of a n-partite state follows 
as 

Qn(pi-n) ■= min S(pi... n \\x% lC J- ( n ) 

(ci,e 2 ) 

By definition, Q n (pi - n) > with equality only in cases 
where p\... n = Xc ± c 2 - A measure for genuine £;-partite 
quantum correlation of a n-partite system is defined in 
an analogous manner to the case of total correlation: 

Qk(pv ••«):= maxQfc(pfc). (12) 
Pk 

One possible definition for genuine n-partite classical 
correlation of a n-partite state is given as follows. A 
?i-partite state p\... n possesses genuine n-partite classi- 
cal correlation only if its closest n-partite classical state 
Xi...n nas genuine n-partite total correlation, namely, if 
the classical probability distribution pn ... i n does not fac- 
torizes under any bipartite cut of Xi... n : ,in Vc^Pc 2 - 
Based on this definition, we propose the following quan- 
tifiers for genuine n-partite classical correlation: 

C„( Pl ... n ) := I n (xl.J, (13) 
and for genuine /c-partite classical correlation: 

C fe (p 1 ... n )=max/ fc ( X £) I (14) 

of a n-partite state. The states \ p k in the last equation are 
obtained by tracing out all but the chosen k subsystems 
of Xi - n anc ' l ne maximization is made over all possibili- 
ties for Xk ■ I n the next section we will apply some of the 
quantifiers of genuine n-partite correlations introduced 
here to study the generation of genuine multipartite cor- 
relations in decoherent dynamics. 



III. SYSTEM-ENVIRONMENT 
CORRELATIONS IN DECOHERENT DYNAMICS 

Let us consider a two-qubit system initially prepared 
in a Werner's state 

^ = (i- c )W4+ft)tel, (15) 

where |^ b ) = (|0„1 6 ) - |l„0&))/\/5. These two sub- 
systems are then let to interact locally with two inde- 
pendent environments in the vacuum state |()e s ), where 
s = a, b. So, the initial state of the whole system is 

PabE a E b =p2®\UE a }(0E a \®\0E b }(0E b \. (16) 

For this system, it was shown in Ref. (57| that, in con- 
trast to dissipative interactions, the decoherent dynamics 
of the two qubits under phase-damping or Pauli chan- 
nels does not generate entanglement between the sys- 
tems and its respective environments or between the two 
environments. The bipartite quantum discord created 
in such a dynamics was then indicated as the mecha- 
nism for the leakage of quantum information out of the 
systems. Moreover, the initial quantum correlation be- 
tween the two qubits was shown to be not transfered to 
the environments, seeming to evaporate. Here we ex- 
tend these results by studying the generation of genuine 
multipartite system-environment correlations. We show 
that the quantum correlations initially shared between 
the qubits do not disappear, but are transformed into 
genuine multipartite correlations between systems and 
environments. Furthermore, these correlations present 
an interesting dynamics with sudden changes in behav- 
ior. For more results related to the sudden-change phe- 
nomenon see Refs. [58|-[62]|. Further works considering 
the dynamics of system-environment correlations can be 
found in Refs. |63l - l68j . 

A. Amplitude-damping channels 

We begin by studying the situation in which the two 
qubits, a and 6, evolve under the influence of local- 
independent amplitude-damping channels. The Kraus' 
operators for a dissipative reservoir at zero tempera- 
ture are K Q = |0 S )(0 S | + ^/l - pT|l s )(l s | and K x = 
v / p7|0 s )(l s |, where p s is a parametrization of time for 
the subsystem s, with p = corresponding to t = 
and p = 1 being equivalent to t — > oo [|69j. Through- 
out this article we consider identical environments and 
consequently p a = pb := p. Thus, by using the Kraus op- 
erators shown above, we obtain the dynamical map for 
the system-environment evolution: 

U sE A0 s 0e 3 ) = \0 s Es ), (17) 

U.e.\1.0e.) = V 1 -Ps\1s0 Es ) + Vp~s\0 s 1e s )- 

Utilizing this map, we find the evolved state for the whole 
system: 

PttE a EM = (l-c)i ad (p)+c\T ad (p))(T ad (p)l (18) 



4 




Figure 1: Genuine 4- and 3- partite total correlation of the 
whole system aE a bEb and genuine 3-partite correlation of 
abE a and aE a Eb for local-dissipative environments. We see 
that, in general, the multiparticle correlations increase with 
p up to a certain instant of time from which they start to 
diminish going to zero in the asymptotic limit p = 1. 




Figure 2: Multipartite system-environment quantum corre- 
lations for local amplitude-damping channels. For p = 1 the 
systems state is |0 S ) and its initial correlations were altogether 
transfered to the environments. 



with c a d(p) and \T a d(p)} given in Appendix [A] From 
PabE a E b (p) we can access the state of any partition of the 
system and calculate numerically its entropy and corre- 
lations. Here we will concentrate on multipartite corre- 
lations. A detailed analysis of the bipartite correlations 
can be found in Ref. [57(]- We observe that, due to the 
assumed symmetries of the systems and environments, 
the following partitions are equivalent in what refer to 
correlations: aE a — bE b , aE b = bE ai abE a = abE b , and 
aE a E b = bE a E b . Considering these symmetries we have, 
from the definition of genuine n-partite total correlation 




Figure 3: Genuine multipartite system-environment classi- 
cal correlation for local amplitude-damping channels. The 
generic behavior of these correlations is similar to that of gen- 
uine multipartite total correlation. 

introduced in Section II, that 
h( P aE abEb ) = mm (S(p Cl )+S(p C2 ))-S(p a a d EabEb ), (19) 

(ci,c 2 ) 

with the following possible bi-partitions of the system: 
(ci,c 2 ) = (a,E a bE b ),(E a ,abE b ),(ab,E a E b ),(aE a ,bE b ), 
(aE b ,bE a ). The 3-partite genuine total correlations of 
the whole system is given by 

h{p a aEabEb ) = ^(Hp a aE a b),Hp a a d E a E b )) (20) 

with analogous bi-partitions used to compute the gen- 
uine 3-partite correlation of the 3-partite states. All gen- 
uine total correlations discussed above are shown in Fig. 
[T] We see that, in general, multipartite correlations are 
generated during the dissipative interaction between the 
qubits and its respective reservoirs up to a certain instant 
of time from which such correlations suddenly begin to 
decrease going to zero in the asymptotic time p = 1. We 
also calculated the 3- and 4-partite quantum correlations 
and genuine classical correlations of the system, which 
are presented in Figs. [2]and[3l respectively. As expected, 
the asymptotic behavior of the genuine 3- and 4-partite 
classical correlations is similar to that of genuine multi- 
partite total correlation. We observe that the quantum 
correlation remaining at p = 1 is due solely to the envi- 
ronments, once the systems state in this limit is |0 S ). It 
is worth mentioning that, although explicit parametriza- 
tions for states and unitary operators of systems with 
dimension greater than two are possible in principle [7fj| , 
all the important aspects we want to emphasize here can 
be addressed without computing the genuine multipartite 
quantum correlations. We leave related issues for future 
investigations. 

B. Phase-damping channels 

Let us consider the dynamics of two qubits under lo- 
cal phase-damping channels. This kind of noise environ- 
ment causes loss of phase relations in the system with- 
out exchange of energy. The Kraus' operators for these 
channels are given by: K = |0 S )(0 S | + V 1 — p|l s )<l s | 
and K\ = v /p|l s )(l s |. Thus, the following map for the 
system-environment evolution is obtained 



5 




Figure 4: Genuine 4- and 3-partite total correlation of the 
whole system aE a bE), and genuine 3-partite correlation of 
abE a and aE a Eb for local phase-damping channels. In this 
case, the genuine multipartite correlations generally increase 
with time and, in contrast to amplitude-damping channels, 
there exists a considerable amount of genuine n-partite total 
correlation left over in the asymptotic limit p = 1, depending 
on the purity of the initial two-qubit state. 



U sE \0 s Es ) = \0 s Et ), (21) 
u sE \i s o Es ) = |i s ) ® (v^ - pIObJ + Vp\1e b )) ■ 

In a correspondent manner as we did for amplitude- 
damping channels, we use the map shown in the last 
equation to compute the global evolved state and then 
calculate its correlations. In this case, (? aE bE (p) is given 
as in Eq. ()18|) but with L p d{p) and \T p d{p)) presented in 
Appendix |B] The genuine total correlations generated in 
the evolution under local phase environments are shown 
in Fig. |H In sharp contrast to the case of amplitude- 
damping channels, we see that the dynamics induced by 
phase environments does generate genuine multipartite 
correlations in the asymptotic limit p = 1. In this limit, 
the whole system will be correlated in a degree that is 
proportional to the purity of the two-qubit initial state. 
We also calculated the multipartite quantum correlations 
and the genuine 3- and 4-partite classical correlations, 
which are presented in Figs. [S] and HO respectively. It is 
interesting that the genuine 3-partite classical and total 
correlations range from zero to one in this kind of envi- 
ronment. This indicates that the system presents no or 
small genuine 3-partite quantum correlation. As can be 
seen in Figs. @K1 this situation changes in the case of 
4-partite correlations. In fact, we observe in Fig. [5] that 
tripartite quantum correlations are created during the 
system's evolution but disappear in the asymptotic limit 
while there are 4-partite quantum correlation remnant at 
p = l. 




Figure 5: Dynamics of 3- and 4-partite system-environment 
quantum correlations for local phase-damping channels. Tri- 
partite quantum correlations are generated during the sys- 
tem's evolution but decay to zero at p = 1 while there still 
exists multipartite quantum correlation involving the whole 
system in this asymptotic limit. 




Figure 6: Genuine 3- and 4-partite system-environment clas- 
sical correlation for local phase-damping channels. By com- 
paring these results with the genuine total correlations in Fig. 
|4l we see that the genuine 3-partite classical and total corre- 
lations have the same range and behavior. Therefore there 
is no or feeble quantumness in the genuine tripartite correla- 
tions of the system. However, as can be observed in Fig. [5] 
there exists 4-partite quantum correlation that was created 
during the system-environment interaction. 

IV. CONCLUDING REMARKS 

Summing up, we defined measures for genuine n- and 
fc-partite total, quantum, and classical correlations of a 
n-partite state. Using these correlation measures, we 
showed that, in contrast to amplitude-damping channels, 
for which the initial correlations between the qubits are 
simply transfered to the environments, phase noise chan- 
nels turn such bipartite correlations into genuine multi- 
partite system-environment total, quantum, and classical 
correlations. 

In order to get a better grasp of these results, let's have 
a look at the kind of state generated during the evolution 
of the system under different kinds of noise environment. 
It is straightforward to verify that if the system initial 
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Figure 7: Dependence of the fidelities (a) F(\ipw), Pa% a bE b {p)) 

and (b) F(\i/jghz), P P aE a bE b (p)) with p and c. See the text for 
details. 

state is \ip~ b ) (i.e., if c = 1), the whole system state for 
amplitude-damping channels and p = 1/2 is 

|T od (l/2)) = (|0001> + |0010)- |0100) - 1 1000})/2 
:= I'M, (22) 

which is equivalent, modulo local rotations, to the well 
known four-qubit W state [7l|. For phase noise environ- 
ments and p = 1 , it follows that 

|Tpd(l)> = (|0011> -|1100))/V2 

:= Hghz), (23) 

which is, also modulo local unitaries, equivalent to a 
GHZ state (see Section I). For any c and p, we obtain 
the following expressions for the fidelity, 

F(\^),p):=yMpW), (24) 

between these states and its corresponding evolved den- 
sity operators: 

w(\l \ <* f Yi ,/ (l + 3c)(l + 2Vp(l-p)) 

F Ww),PaE a bE„(P)) = I/ g 

(25) 

and 

F(\i> GHZ ), ff a d E ahE M = V(l + 3c)p/2. (26) 

These fidelities are shown graphically in Fig. [7] We ob- 
serve that the mutual information is invariant under local 
unitary transformations and, as one can easily verify, the 
genuine total correlations for the W and GHZ states are 
given by: h{\W)) = h(\GHZ)) = 2, h(\W)) = 0.81, 
and Is(\GHZ)) = 1. Moreover, if we trace out a sub- 
system of a GHZ state, the obtained tripartite density 
operator has zero quantum correlations. The same ac- 
tion in a W state produces a 3-partite system possessing 
quantumness in its correlations. Thus, the values of the 
fidelities (shown in Fig. and the structure of W and 
GHZ states with respect to its correlations help us to 
partially explain the general behavior of the correlations 
that we presented and discussed in the last section. In 
reality, both kinds of dynamics generated genuine multi- 
partite correlations. The main difference is that for the 



amplitude-damping channel these correlations are null for 
p = 1 while for phase environments they generally reach 
its maximum value in this limit. 

Besides the actual calculation of the genuine multipar- 
tite quantum correlations, other interesting topic for fu- 
ture research is considering the composition of both phase 
and amplitude channels, which is the most common sit- 
uation in nature [5(3, [H| . In this case, the global state 
generated during the evolution under local environments 
will be a mixture involving W and GHZ components. 
The extension of these results for global environments is 
also worth pursuing [72| . 

It is important to mention that the first experiment 
with complete tomography of the environment's state has 
been successfully performed recently using an optical sys- 
tem [73|]. Therefore, all the theoretical results presented 
here can be verified experimentally with current technol- 
ogy 
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Appendix A: Evolved State for Local 
Amplitude-Damping Channels 

For this channels, the global evolved state is given by 
Eq. (0 with 

4t ad (p) = |0)(0| + (l-p)(|2)(2| + |8)(8|) 
V|5)(5| + (l-p) 2 |10)(10| 
+p( l-p)(|6 )(6| + |9)(9|) +p(|4)<4| + |1)(1|) 
+ V ^r^)( |4)(8| + |l)(2|+h.c.) 
+ Vp(l-p) 3 ((|6) + |9))(10|+h.c.) 
+p( l-p)(l5) (10l++|6)(9|+h.c.) 
+ vV(l-p)(|5)((6| + (9|)+h.c.) (Al) 

and 

\r ad (p)) = (V^iW |8» + Vp(W |4») • 

(A2) 

Above, and in the next appendix, h.c. refers to the Her- 
mitian conjugate and we use the decimal representation 
for the indexes of the computational bases states. 
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Appendix B: Evolved State for Local 
Phase-Damping Channels 

For phase environments, the global evolved state is 
given as in Eq. (fT5|) but with 

Kd(p) = |0)(0| + (l-p)(|2)(2| + |8)(8|) 

+p(|3)(3| + |12)(12|) + (l-p) 2 |10)(10| 
+p( l-p)(ll l)(lll + |14)(14|) +p 2 |15>(15| 
+ Vp(l-p)(|2)<3| + |8><12|+h.c.) 



+Vp(l-p)3((|14) + |11»(10| + h.c.) 
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